Extended gcd of quadratic integers 
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Abstract: Computation of the extended gcd of two quadratic integers. The ring 
{Sj ■ of integers considered is principal but could be euclidean or not euclidean ring. 

r^i ■ This method rely on principal ideal ring and reduction of binary quadratic forms . 
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^ 1 1-Notations and preliminaries 

If d is a positive square free integer , then Q(y/d) is a quadratic extension 
of Q, the ring of algebraic integers of Q(Vd) is Z[0] = {a + b6 , a, 6 G Z} , 

where 9 = — if d mod 4 = 1 and 9 = \fd if d mod 4 = 2,3. 
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The purpose of this paper is to compute the extended gcd of to quadratic 
'. integers in ring Z[9]. We assume throughout that Z[#] is principal ideal ring, 

but not necessarily an euclidean ring. 

If [a, b + c9] is the module {ax + [b + c9)y, x, y G Z}, it can be shown [3] that 
>- ■ / is an ideal of Z[(9] if and only if / = [a, b + c9]; where a, b, c G Z with c\b, c\a 

and ac\N(b + c9), (N(b + c9) the norm of b + c9). It is known [?, Samueljhat 
any non-zero ideal of Z[0] is a free Z-module of range 2 
If / = Za + Z(/3 + 7$) is an ideal of Z[0], then / have a generator for 
which the absolute value of the norm is equal to the norm N(I) of / (where 
TV (/) = |o; x Conversely any X in I such that \N(X)\ = N(I) is a 
generator of /. 

2- Algorithm of the extended gcd 

Let I = [a + b9], J = [c + dO] non-zero ideals of Z[9], then I + J = [m + n9] 
is an ideal, and m + n9 = gcd((a + b9), (c + d6)). This gcd is defined modulo 
a unity of Q(Va). There exist U, V E Z[0] such that 

U.{a + W) + V.(c + dff) = m + n9 

Since I+J is maximal, it has a generator Z-system of the form Za + Z(/3+7#) 
where 7|a and 7|/3 and satisfy \N{ma + n(/3 + 7#))l = l a 7l; an d m, n G Z 
are solution of 
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To solve this equation we consider the binary quadratic form 

7 7 07 

If this form is positive definite, then [T] it will be reduced to one of following 
reduced forms 

[1,1,1], [1,0,1], [1,1, 2], [1,0,2], [1,1,3], [1,1, 5], [1,1, 11], [1,1, 17], [1,1,41] 

If the form is indefinite, it will be reduced to either principal quadratic form 
q p (l, b, c, x, y) or q p - (—1, b, — c, x, y). In the first case q p (l, b, c, 1, 0) = 1, and 
in the second q p - (—1, b, — c, 1,0) = —1. 
The main steps of this algorithm are : 

Let X = ai + a 2 9,Y — b\ + b 2 9 G Z[#], relatively prime, and consider the 

ideal (XZ[0\ + yZ[0]), it is generated by X, X9, Y, Y9. 

Let S = 9 + 6,P = 99,di = gcd(a\, a\ + 02*5), c?2 = gcd(b 2 , b\ + &2>5) : 

Bui, vi G Z -U102 + fi(ai + 02^) = di 
3-u 2 , v 2 G Z w 2 6 2 + ^2(61 + b 2 S) = d 2 

If d 3 = gcd(di, d 2 ) then: d 3 = u 3 di + v 3 d 2 , u 3 ,v 3 G Z 
Substitute (X, X0) and (Y, Y9) by 

01 + ^ ?*j X,(u 1 + Vl 9) X ) ( ( H M - ^ V . («» + «*W 



di di / / \\ d2 d; 

Now, substitute ((ui + Vx6)X) , (it 2 + v 2 9)Y) by 

^ (Ui + ViO)X - ( ^ j (Ma + , li 3 (Wl + ^l^)* + ^(«2 + 



d3/ \d 3/ 

Compute extended gcd of three integers : 

cn + a 2 S a\ h + b 2 S b\ d 2 d x 

di di d 2 d 2 d 3 d 3 

This yields a, /3, 7 G Z such that 

a ( - 'fo) x + p ( h±M. _ * 9 ) Y +1 ( % + Vl 9)X -<±(u 2 + V2 e)Y 
V di di y V "2 d 2 / V«3 d 3 , 
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i.e: 



UX + VY = 1 



where 

U 
V 

Exemples 

1 _|_ v /^ig 

1-The ring Z[ ] is principal i but not euclidean [2J. 



'a 1 + a 2 S a 2 „i 
o I - — +7 

^'" 7 



?r(ui + i;i0) 

«3 
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Let X = -70 + 930, F = —45 + 1030 G Z[— — ^ ], gcd(X, Y) = 5 + 20 

5 + 20 = (50 + 60)X + (-85 + 1640)F 

1 + VT3, 



2- X = 92 + 730, F = 59 + 460 G Z 



,gcd(X,F) = 1-0: 



1 - = (50 + 380)X + (-81 - 590)F 

3-X = 290 + 550, F = 180 + 350 G Z[\/l4], gcd(X, F) = 10 - 50: 

10 - 50 = (3 + 30)X + (-4 - 50)F 
4rX = -70 + 930, F = -40 + 610 G Z[v^2] , gcd(X, F) = 2 + 30 

2 + 30 = (20 + 350)X + (-27 - 560)F 
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